Descent of the Definition Field of a Tower of 
Function Fields and Applications 



Stephane Ballet*, Dominique Le Brigand**, Robert Rolland*** 

February 1, 2008 

Abstract 

Let us consider an algebraic function field defined over a finite Galois extension K of a perfect 
field k. We give some conditions allowing the descent of the definition field of the algebraic 
function field from K to k. We apply these results to the descent of the definition field of a tower of 
function fields. We give explicitly the equations of the intermediate steps of an Artin-Schreier type 
extension reduced from ¥^2 to F^. By applying these results to a completed Garcia-Stichtenoth's 
tower we improve the upper bounds and the upper asymptotic bounds of the bilinear complexity 
of the multiplication in finite fields. 
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fields, for fields of characteristic 2. A key point, allowing the computation, is 
the existence of a descent of the definition field from F22S to for the Garcia- 
Stichtenoth's tower (cf. |8|) completed by intermediate steps (cf. f2]). The proof 
used in [5 1 cannot be performed in the odd characteristic case. So, it is of interest 
to know whether there exists, when the characteristic is not 2, a descent of the 
definition field of a tower. 

In Section 12 we recall the notion of descent of the definition field of an algebraic 
function field, and we proceed with a brief study of this notion. We prove that 
under certain conditions, the descent is possible. This part is closely related to the 
descent theory, developed by A. Weil (cf. fT5\). However, because our goal is to 
study algebraic function fields and not coordinate rings, we have replaced here the 
notion of descent defined in ifT^ by a slightly weaker notion. 

In Section|3J we give explicitly the equations of the intermediate steps of an Artin- 
Schreier type extension reduced from F^2 to Fg. 

Section m is devoted to the case of the completed Garcia-Stichtenoth's tower. It 
contains a summary of the tower construction, a proof that the descent of the 
definition field from Fq2 to Fg is possible. Using the results of Section El we 
obtain an alternative proof of the existence of the descent and also we can give 
the equation of each step of the reduced tower. As an application we derive an 
interesting bound for the bilinear complexity of the multiplication in finite fields 
which extends the results of 0. 

2 General results on the descent of the definition 
field 

From now on. A; is a perfect field and is a finite Galois extension of k such that 
k C K C U, where f/ is a fixed algebraically closed field. We will denote by 
r = Gal (K/ k) the Galois group of this extension. The group V is also the Galois 
group of the Galois extension K{x) / k{x) of the rational function field k{x) by the 
rational function field K{x). Let C be an absolutely irreducible algebraic curve. 
We assume that C is defined over K. That is, the ideal of C can be generated 
by a family of polynomials which coefficients are in K. Let F = K{C) be the 
algebraic function field of one variable associated to C. We remark that K is the 
full constant field of F. The descent problem of the definition field of the curve C 
from to fc is the following: is it possible to find an absolutely irreducible curve 
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C defined over k and birationally isomorphic to C? If the answer is positive, let 
us set F' = k{C'). Then k is the full constant field of F' . Algebraically speaking, 
the descent problem can be expressed in the following way: 

Definition 2.1 Let F/ K be an algebraic function field of one variable with full 
constant field K. We consider F as a finite extension of K{x) for some x & F 
transcendental over K. We say that the descent of the definition field of F from K 
to k is possible, if there exists an extension F' ofk{x), with full constant field k, 
such that F is isomorphic as k -algebra to F' K. We will say also that we can 
reduce F/K to F' /k. 

For any algebraic function field F/ K, we assume tacitely that K is its full constant 
field and that F is a subfield of the algebraically closed field U . 

First we are going to study some simple general conditions allowing the reduction. 



Theorem 2.2 Let F/K be an algebraic function field. If the extension F/k{x) is 
Galois with Galois group Q and ifQ is the semi-direct product Q = G yiV, where 
G = Gal{F/K{x)) andV = Gal {K{x)/k{x)), then the descent of the definition 
field from K to k is possible. 

Proof. Let us suppose that the extension F/k{x) is Galois with Galois group 
Q. Then F/K{x) is Galois with Galois group G (cf. Figure O). As K(x) is a 
Galois extension of k(x), the Galois group G is a normal subgroup of Q and T is 
isomorphic to the factor group G/G. 

F' F (1) 




k{x)^K{x) 



k ^ — K 



Then we have the exact sequence 

s 

Moreover, Q is the semi-direct product ^ = G xi F, so that we can build a section 
s lifting r into Q. We can say also that for all a G F = Gal (K/k) there exists 
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an automorphism s{a) of F over k{x) which is a continuation of cr. Moreover for 
each 0", r in r, we have the condition 

s(cr.r) = s((T).s(r). 

Hence, the group T acts on F. More precisely its action T is defined by 

T(o", x) = s(cr)(a;). 

Let F' = F'^^^'^ be the fixed field of s(T). Since is a finite extension of k, F is 
a finitely generated A;-algebra and any element of F is integral over F'. Then F' 
is a finitely generated A;-algebra (cf. [ 12|). To prove that F/K can be reduced, we 
have just to show that F = F' ®k K. This is a consequence of Lemma 26 Chapter 
Vin[12|. □ 

Corollary 2.3 Suppose that F/k{x) is an abelian extension with Galois group Q. 
IfV = Gal (K/k) is a cyclic group of prime order p and ifG = Gal {F/K{x)) is 
of order m whith gcd(m,p) = 1 then the descent of the definition field from K to 
k is possible. 

Proof. The commutative group Q has pm elements. Hence it contains a cyclic 
subgroup r' of order p. The morphism s which sends a generator of F on a gener- 
ator of r' defines a section. □ 

Theorem 2.4 Let F be a Galois extension of K{x). Assume that it is possible to 
reduce F/K to F' jk. Then F/k{x) is Galois (cf. Figure 0j. 

Proof. The extension F/F' is Galois, and its Galois group is V. So that we 
can define an action from V on the Galois group G = Ga\{F/K(x)) by inner 
automorphisms: 

lig) =7"^ 0^07. 

Then, the semi-direct product G x F is a group of A; (a;) -automorphisms of F. 
The cardinality of this group is exactly the degree of F over k(x). Hence we can 
conclude that G x F is the group of automorphisms of F over k{x) and that the 
extension F/k{x) is Galois, with Galois group ^ = G xi F. □ 

Theorem 2.5 Let F/ K and E/K be algebraic function fields such that 

K{x) CECF. 



4 



We suppose that F/ K{x) is Galois. Let H be the Galois group of F/ E. Suppose 
that we can reduce F/K to F' jk. Let Y he the Galois group of the extension 
F I F' . Suppose that Y acts on H by inner automorphisms. Then we can reduce 
E/K to an algebraic function field E'/k. 

Proof. By Theorem 12.41 the extension F/k{x) is Galois with Galois group Q. 
Let H be the semi-direct product H yi Y corresponding to the action by inner 
automorphisms from Y on H. This group is a subgroup of the Galois group Q. 
Hence there is an algebraic function field E' / k corresponding to the field fixed 
by H. Note that F is a subgroup of H, so that E' C F'. On the other hand 
the full constant field of F' is k. Hence, the full constant field of E' is k. The 
group if is a subgroup of H, then H fixes E' and consequently also E' 0^ K. 
We conclude that E' ®k K C E. But we have [E : K{x)] = ord (G/H) and 
[E' : k{x)] = ord {g/H) . Hence, [E : K{x)] = [E' : k{x)] = [E' ®k K : K{x)]. 
Thus E = E' ®k K, which completes the proof. □ 

F (2) 

G 

k[x) 

Remark 2.6 Let Ei, E2 be two functions fields such that K{x) C Ei C E2 C F 
and satisfying the hypothesis ofTheorem \2.5\ The construction given in the proof 
of the previous theorem brings forth the descents E[ and E2 such that k{x) C 
E[CE'2C F'. 

3 Explicit descent in particular cases 

In this section, we assume that g = is a prime power. 

Our aim is the following. We consider an algebraic function field L/¥q2 and, for 
u E L,we set F = L{z), where z'^ + z = u. We assume that there exists a place p 
of L such that z/p(n) = — m, with m > and gcd(m, q) = 1. Then the extension 
F/L is of Artin-Schreier type (see [8|, Proposition 1.1) and, more precisely, F/L 
is an elementary abelian extension of exponent p and degree q = p". Assume that 
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L/F^2 can be reduced over and let L' /¥q is its reduced function field. Assume 
moreover that u E L' and set G = L'{z), where z'' + z = u. We want to prove 
that, for alH, 1 < z < n, there exists a subfield G,; of G, such that [G : Gi] = p\ 
and we want to give explicitly the equation of each function field Gi/¥g. 
Note that similar technics are used in L9J and L6J • 

3.1 Linearized or additive polynomials 

Definition 3.1 A linearized or additive polynomial R(T) = Xlj-Lo ^ ^[-^1 
with coefficients in a field extension k of ¥q is called a g-polynomial over k. If 
R{T) G ¥q[T] we say that R{T) is a q-polynomial. The symbolic product of two 
q-polynomials over k, Q{T) and M{T), is the q-polynomial over k defined by 

{M^Q){T)=M{Q{T)). 

If R{T) is a q-polynomial over k such that R{T) = {M 'kQ)(T), where Q(T) and 
M(T) are q-polynomials over k, we say that M{T) divides symbolically R(T). 

The symbolic product is associative, distributive (with respect to the ordinary ad- 
dition), but it is not commutative if C A; (see further). To each g-polynomial 
over k one can associate a F^-linear map from k to itself. 

Now, for g-polynomials, the symbolic product is commutative and it is quite sim- 
ple to know if a g-polynomial divides symbolically another g-polynomial. 

Lemma 3.2 Let R(T) and Q(T) be q-polynomials. The following properties are 
equivalent: 

• Q(T) divides symbolically R(T), 

• Q(T) divides (in the ordinary sense) R{T) in ¥g[T]. 

Proof, see El Theorem 3.62. p. 109]. □ 



Example 3.3 The polynomial P{T) 
polynomial. The set of roots of P, V 
of dimension n and 



= T'^ + T is a q-polynomial and also a p- 
= {a G ¥q, P{a) = 0} is a ¥p-vector space 



V = {a e ¥g2, trace F^a/Fql^) = 0}. 

Ifp = 2, V = ¥g and otherwise V C ¥^2. Moreover V is stable under Gal (Fg2 /¥q), 
as well as any ¥p-subspace H ofV, since = —a for all a E V. Notice that, if 
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p = 2, the ¥q-linear map associated to P{T) = T'^ + T is the zero map from ¥g to 
itself and that the p-polynomials Q{T) — T"^ + T and M{T) — T^" + • • • + T 
divide symbolically P{T), since 

P{T) = T^" + T = M{Q{T)) = Q{M{T)). 

Definition 3.4 Let k be a field extension of F^. We denote by Tq : x ^ x'^ the 
Frobenius endomorphism and we consider the ¥g-algebra 

equipped with the composition law o. 

Notice that, if a G k, we have Tg o (ar") = a''Tg, thus the composition law o is 
commutative in k{Tg} if and only if k = ¥g. The F^-algebra of g-polynomials over 
k equipped with the symbolic product ★ is isomorphic to the F^-algebra k{Tq}, the 
isomorphism being the following: 

d d 
3=0 j=0 

We say that P{Tg) is monic (resp. separable) if P{T) is monic (resp. separable). 
Notice then that P{Tq) = J2'^=o '^i^q is separable if and only if cto 7^ 0. Moreover 

Deg P(T) = q^^sP{r,)_ 

The set of roots of a g-polynomial over k = ¥r has special properties. 
Lemma 3.5 Assume that¥q c C F^. 

1. Let P{T) e ¥r\T] be a non-zero q-polynomial over F^ and let Fg be a finite 
extension of¥r containing all the roots of P. Then each root of P{T) has 
the same multiplicity, which is either 1 or a power ofq, and the set of roots 
of P{T) is a ¥ q-subspace ofFg. 

2. Let H be a ¥g-subspace of¥s. Then PuiT) = YlaeHC^ ~ '■^ 1' 
polynomial over F^. Moreover, if H is stable by Gal (F^/Fj.), then Ph{T) 
is a q-polynomial over F^. 
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Proof, see ifTTl Theorems 3.50 and 3.52. p. 103]. The last assertion is clear. □ 

If i/is a Fq-subspace spanned by {wi, . . . , Wn} C k, we set H = {wi, . . . , Wn)q- 

Definition 3.6 Let ¥g C k and {wi, . . . , Wd} C k. We define the Moore determi- 
nant of {wi, . . . , Wd} over to be 







Wi 


Wd 






q 

wi 


q 


A(wi,. 


■,Wd) = 












d-i 






WI 





We refer to ifTDl page 8] for the computation of a Moore determinant. 

Lemma 3.7 Let k be afield such that ¥g C k and let H be a Fg-subspace of k 
of dimension d. Then {wi, . . . , Wd} C H is a basis of H over Fg if and only if 
A(wi, ...,Wd)^Q. 

Proof. Ca, Corollary 1.3.4. □ 



3.2 Equations of subextensions of an Artin-Schreier type ex- 
tension 

The following result is an application of ifTUIl . Proposition 1.3.5. 

Proposition 3.8 Set q = p"-, r = q'^ and let A(T) G Fr[T] be a monic non-zero 
separable q-polynomial over F^ of degree q'^, 1 < d < e, having all its roots in 
an extension Fg ofFj.. The set of roots of A{T), denoted by A, is a Fg-vector 
space of dimension d. Assume that A and all its Fg-subspaces are stable under 
Gal (F,/F,). 

L Let {wi, . . . , Wd) be a basis of A over Fg. For all i, \ < i < d, set 
Ai(T) = Y\_iT ~ a), where Hi = {wi, . . . , Wi)g. 

Then Ai{T) is a monic separable q-polynomial over F^ of degree (f and 
there exists a unique monic separable q-polynomial over F^ of degree 
Mi{T), such that A{T) = {Mi i< Ai){T). More precisely 

Mi{T) = J] (T - a), where Hi = {Ai{wi+^), Ai{wd))g. 
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2. Let E/¥r be an algebraic function field and set G = E{z), where A{z) = 
u & E. Assume moreover that there exists a place pofE such that I'piu) = 
—m, with m > and gcd{m,p) = 1. For all i, 1 < i < d, we consider the 
subfield Gi ofG defined by 

Gi = E{ti), with ti = Ad-i{z) and Md-i(ti) — u = 0. 

Then the full constant field ofG and Gi is and [Gi : E] = q\ 

Proof. 

1. By Lemma l3.51 ^ is a F^-vector space. The polynomial A j(r) = Y[aeHi('^~ 
a) is a monic factor of A{T) and its degree is equal to q\ By Lemma l331 
and since Hi is a F^-vector space, Ai{T) is a g-polynomial over F^. But, 
since Ai{T) is stable under Gal (F^/Fr), it is a g-polynomial over F^. Set 
aj = Ai{wj), for all j = 1, . . . ,d and write Ai{T) = X]m=o ^rn.T'^"' , with 
bi = 1 and bm G F^. for all 1 < m < i. Since aj = 0, for all j = 1, . . . , ^, 
we have Ker (Ai) = Hi and Im (Ai) =< (Xj+i, . . . ,crd >q, where we denote 
by Ai the Fg-linear map from A into F^ associated to Ai{T). In particular, 
(Ti+i, . . . , (Trf are t = d — i vectors of F^ which are independent over F^. We 
look for a polynomial Mi{T) = Ylt^lo ^mT'^"^ , with c^-i = 1 and G F^, 
such that AiT) = Mi{Ai{T)). But this is equivalent to Mi{aj) = 0, for all 
j = i + 1, . . . , d. Thus the solutions of the following system of t 
equations and t indeterminates: 

Xt-1 + (Tj+i Xt-2 + ■ ■ ■ + (Ti+iXo 

afXt^i + at"Xt^2 + ■■■ + o-rfXo 

By Lemma HjI the Moore determinant over F^ of this system is non zero if 
and only if cTj+i, cr^i are linearly independent over F^, which is the case. 
Thus the preceding system has a unique solution in F*. Since A and Hi 
are stable under Gal (F^/F.^), we obtain that Mj(T) G FJT]. Notice that 
MT) = El=o bmT'^"^ and M,(T) = E1=o CmT'?™ are separable polyno- 
mials, since the product cq&o is equal to the coefficient of T in A(T) which 
is non-zero. 

2. Consider the constant field extension L/Fg of the function field E/W.^. and 

set F = G i^Yr '^s- Then F = L(z), with A{z) —u = 0. First, we show that 



-cr, 
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the full constant field of F is F^. Let q be a place of L/Wg above p. Since 
the extension L/¥s of E /¥,. is unramified, we have ^^{u) = yp{u) = —m, 
with gcd(m,p) = 1. Thus the polynomial AiT) - u e E[T] C L[T] is 
absolutely irreducible. We also deduce from this fact that the full constant 
field of G is¥r. Moreover the additive separable polynomial A{T) has all 
its roots in F^ and Proposition IIL7.10 of lfT?l says that the extension F/L 
is Galois of degree q'^ and Gal (F/L) ~ A. We identify Gal (F/L) with A. 

To the sequence of subgroups Hi C H2 C . . . C Hd-i C A, we associate 
the sequence of subfields Lj/Fs of F/¥s 

L C Li C . . . C Ld-i C F, 

where Li = F^-^-^ is the fixed field of H^-i C Gal (F/L). By Galois 
theory, [F : Lj] = oid Hd-i = and thus [Li : L] = q\ The element 
ti = Ad-i{z) = Yla€Ha-S^ - a) E ¥r[z] is in F and it is fixed by Hd-i, 
then L{ti) C Lj. Moreover, the minimal polynomial of z over L(ti) divides 
Ad-i{T) — ti which is of degree q'^^\ Thus Li = L(ti) and the minimal 
polynomial of z over Li is Ad-i{T) — ti. Finally, [Li : L] = and the 
minimal polynomial of ti over L is Md-i(T) — u. Since ti E ¥r[z] is an 
element of G, the field Gi = E(ti) is a subfield of G, and the minimal 
polynomial of ti over E is Md-i{T) — u again, since Md-i{T) E F^fT] and 
u E E. Clearly, Li = Gi '^s^ which proves that Li/¥a is the constant 
field extension of Gj/F^. To summarize, we have 

G = E{z) F = L{z) 

qd~i q^~^ 

G, = E{ti) L, = L{ti) 

t t 
E L 

F. F, 

□ 

We apply the previous result to the polynomial v4(T) = T"? + T. 
Corollary 3.9 Set g = and P{T) =T'' + T. 
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(i) The set V C ¥^2 of roots of the separable p-polynomial P{T) is a ¥p-vector 
space of dimension n, which is stable under Gal (F^2 /F^). Let {wi, . . . , w„) 
be a basis ofV over Fp. 

(ii) For all i, 1 < i < n, we set 

Pi{T) = Y\_(T -a), where Hi = {wi, . . . , Wi)p. (3) 

aeHi 

Then Pi is a monic separable p-polynomial over ¥q of degree p^ and there 
exists a unique monic separable p-polynomial over Fg of degree p'^~\ Mi, 
such that P(T) = {Mi -k Pi) (T). More precisely 

Mi{T) = J] (T - a), where Hi = (P.(^.+i), . . . , P.K)p. (4) 

(iii) Let L /Fg2 be an algebraic function field and consider an Artin-Schreier type 
extension F/W^-z of LjW^-z defined by F = L{z) with P{z) = u E L. We 
assume that there exists a place p ofL such that Upi^u) = —m, with m > 
and gcd(m,p) = 1. Assume moreover that L/Fq2 can be reduced over F^ 
and let E /Fg be the reduced field. We assume that u & E and set G = E{z), 
where P{z) = u. For all i, 1 < i < n, we consider the sub -function field 
Gi ofG defined by 

Gi = Eifi), with ti = Pn-i{z) and Mn-iifi) — m = 0. 

Then the full constant field ofG and Gi is Fg, [Gi : E]= p^ and E C Gi C 

. . . C Gn-l c G. 

Proof. 

(i) See Example 13.31 We have seen that V and also any Fp-subspace of V is 
stable under Gal (Fg2 /Fg). Let {wi, . . . , Wn) be a basis of V and let Hi be 
the Fp-subspace spanned by (wi, ... ,Wi), for 1 < i < n. 

(ii) Apply assertion 1 of Proposition 13. 81 

(iii) We have assumed that u E E, where E /Fg is the constant restriction (or 
descent) of L/Fg2 and that there exists a place p of L such that z/p(u) = — m, 
with m > and gcd(m, p) = 1. Thus there exists a unique place p of P /Fg 
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which lies under p and such that i^p{u) = — m. Then we apply assertion 
2 of Proposition 13.81 Assume n > 2 and let us show that Gi C Gj+i for 
all 1 < z < n - 1. We have [G : G,] = p"-' and Pn-i{z) = U with 
Deg P„_j(T) = p"^* for all 1 < i < The equation of G over Gi is then 
Pn-i{z) = ti. We can apply assertion 2 of Proposition I3.8l recursivelv to 
obtain Gi such that E C Gi C G, then G2 such that Gi C G2 C G and so 
on. But also, applying assertion 1 in 11101 . Proposition 1.3.5, we have for all 
1 < j < n 

P,{T) = P,^,{TY-W,P,^,{T). 

where Wj = Pj^i^WjY^'^ = Haei? ^ ^Y^^- Moreover Wj is in Fg, 
since 

W^= II {w]-ay-'= II (-wj+af-' = Wj. 
Thus Gj+i = Gi{tij^i), where 

^f+l ~ Wn~iti+l = ti. (5) 

□ 

We can apply the preceding result to the Hermitian function field F/¥q2. The fact 
that the Hermitian function field has a descent from Fq2 to Fg is obvious since its 
equation is defined over Fg. Moreover, if p = 2, the reduced field of F over Fg 
is a Galois extension of the rational function field Fg(x), thus the existence of the 
intermediate steps is also obvious (see f31). 

Corollary 3.10 Set Gi = ¥q{x) and consider the descent over Fg of the Hermi- 
tian function field, denoted by G'2/IFg = Fg(z, x)/Fg, with z'^ + z = x^^^. For all 
i, 1 < i < n, we consider the subfield Gi j 0/G2 defined by 

Gi^i = ¥g{x,ti), withti = Pn-i{z) andMn-i{ti) - = 0, 

where Pi and Mi are defined by ^ and (j?)) respectively. Then the full constant 
field of Gi^i is Fg, [Gi^i : Fg(a;)] = p\ the genus of Gi^i/Wq is gi = '^^^^^^ and 
Gi C Gi l C . . . C Gi n~i C G2. 

Proof. Since the equation of the Hermitian function field F2/Fg2 is defined over 
Fg, it has a descent over Fg, say G2/Fg. Consider the rational function fields 
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Fi/F,2 = Fq2(x)/Fq2 and Gi/F, = ¥g{x)/¥g. The infinite place p of Fi/¥g2 
is fully ramified in F2/Fg2 and = — (g + 1). Let us denote by p the 

infinite place of Gi/¥q. Then p is fully ramified in G2/¥g. Since Gi j is a sub- 
extension of G2, p is also fully ramified in Gi^i and the result follows. Notice 
that, if p = 2, the extension G2/Gi^i is Galois, otherwise it is not Galois. To 
compute the genus of Gi j/F^, we apply lfT?l Prop. III.7.10], considering the 
constant field extension Fi j/Fg2 of Gi j/Fg. The genus of Gi j/F^ and Fi j/F^ 
are equal and Fi,, = ¥g2{x,ti), with Mn^iiti) - = 0. Since M„_i(T) 
is an additive polynomial of degree which has all its roots in Fg2 and since 
t'p(x'^+^) = -(g+ 1), Proposition III.7.10 of LUJ shows that the genus of Fi^i/¥g2 
is equal to gi = □ 

Notice that the constant field extension Fi i/¥g2 of each Gi j/Fg is a subfield of 
the Hermitian function field and thus is maximal. The number of rational places 
of each Gi,i/Fg is then equal to g + 1. 

Example 3.11 Assume p = 2 and q = p". Then V = ¥g and a ¥p-basis ofV 
is just a basis of ¥g over ¥p. Ifw is a generator of ¥g over ¥2, we consider the 
groups Hi^i = {l,w, . . . , w^)2, for < i < n — 2. We have seen previously that 
the p-polynomials Q(T) = T"^ + T and M{T) = T^" + ■ ■ ■ + T are symbolic 
factors ofP{T) and P{T) = T" + T = M{Q{T)) = Q{M{T)). Moreover, 
M{T) defines the trace map from ¥2^ to ¥2- The element = Q{z) = z{z + 1) 
corresponds to Hi and this gives step n — 1 

Gi,„-i = Gi(t„_i), where M(t„_i) + = 0. 

Ifn = 2, we are done. Assume n > 2 is even. Then = {a G ¥g, M{a) = 0} 
is a subspace ofV of order 2"~^ which contains Hi. This gives step 1, ti = 
nagH„_i(-^ + a), Gi,i = Gi(ti) and the minimal polynomial of ti over Gi is 
Q{T) + x'^^^ = 0. Notice that, ifn is odd, we cannot obtain step 1 by this method. 

1. q = 2^. ti = z{z + 1), and Gi,i = ¥g{x,ti), with Mi{ti) = where 
Mi{T)=T^ + T. 

2. q = 2^. Let w be a generator of ¥g, with + w + 1 = 0. The two 
intermediate function fields Gi,j/Fg are Gi^i = ¥g{x,ti), i = 1, 2, where 

(a) t2 = z{z + 1), Mi(T) =T^ + T^ + T, 

(b) ti = ti{z + w){z + w + 1), M2(T) = T2 + w^T. 
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3. q = 2^. Let w be a generator of¥g, with + w + 1 = 0. 

(a) h = z{z + 1), Mi(T) =T^\T^\T''\T, 

(b) t2 = h{z + w){z + w + I), M2{T) =T^ + w^'^T^ + w^'^T, 

(c) ti = Mi{z),Ms{T) = T^ + T, 

4. q = 2^. Let w be a generator of¥q, with + w'^ + 1 = 0. 

(a) U = z{z + 1), Mi{T) = + + + + T, 

(b) t3 = Uiz + w){z + w + 1), M2(T) =T^ + w^^T'^ + w^^T^ + w^^T, 

(c) t2 = h Uae{n.^n.^^}i^ + a){z + a + 1), M,{T) =T' + w^^T^ + w'T, 

(d) h = h nae{^3,^6,^i.,^20}(^ + a){z + a + I), M,{T) = T^ + w'T. 

Let us apply formula (j5|) in the last case q = 2^: 



G2 = Gi(z) 



25 



G2 — 6*1,4(2;) 
2 

6*1,4 = 6*1,3(^4) 



6*1,3 — 6*1,2(^3) 



6*1,2 — 6*i,i(t2) 



6*1,1 — 6'i(ti) 

2 

Gi = ¥s2(x) 



Z^ + Z = tA 



tl + = ts 



tl + ^6^3 = t2 



tl + WH2 = h 



tl + wHi = X 



33 



Assume that p > 3. Then, setting Afq{V) := noriiiF 2/Fg(^ \ {0}), the factoriza- 
tion ofP in Fq[T] is 

P{T) =T Yl (T^ + a). 
For instance, for p = 3we have: 
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1. q = 3^. Let w be a generator of¥g, with w"^ + 2w + 2 = 0. Then 

Ti + T = T Yl (T^ + a). 

Set ti = z{z'^ + w), then the minimal polynomial ofti over Gi = ¥q{x) is 
Mi(T) - where Mi{T) = + w'^T . 

2. q = 3^. Let w be a generator of¥g, with + 2w + 1 = 0. Then T'^ + T = 

(a) t2 = z{z^ + 1), Mi{T) =T^ + 2T^ + T. 

(b) t, = t2{z^ + W^)iz^ + W6)(^2 ^ ^18)^ M2iT) = T{T^ + 1). 

4 Applications 

In this section q = p" is an arbitrary prime power, K = ¥^2 and k = ¥g. 

4.1 Descent of a completed Garcia-Stichtenoth's tower 

Let us recall the definition of a separable tower of function fields over a field K 
(cf. 1 141). 

Definition 4.1 A separable tower T over K is a sequence (-Fj)j>i of algebraic 
function fields of one variable over K such that 

T : Fi C F2 C . . . C C . . . , 
and that each extension Fi/Fi_i is finite separable. 

We consider the Garcia-Stichtenoth's tower Tqs over ¥g2 constructed in lO. Re- 
call that this tower is defined recursively in the following way. We set Fi = 
¥g2(xi) the rational function field over ¥g2, and for i > 1 we define 

Fi+i = Fi{zi^i), 

where Zi^i satisfies the equation 
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with 

Xi = — — for i > 2. 

We consider the completed Garcia- Stichtenoth's tower % over Fq2 studied in lEl 
obtained from 7^-5 by adjonction of intermediate steps. Namely we have 

% : -Fi^o C ■ ■ ■ C Fifi C Fi^i C ■ ■ ■ C Fi^s C ■ ■ ■ C -Fi,n-i C Fi!+i,o C ■ ■ ■ 

where the steps Fj q are the steps Fj of the Garcia-Stichtenoth's tower and where 
Fi,s (1 < s < — 1) are the intermediate steps. 

Each extension Fi^g/Fi is Galois of degree p^, with full constant field Fg2. More 
precisely, each extension Fi^g/Fi is an elementary abelian p-extension. Namely, 
the Galois group Gal (Fi^s/Fi) is isomorphic to {Z/pZy. 
Let us mention the following well known result (cf. lfT?ll . Proposition III.7.10): 

Proposition 4.2 Consider an algebraic function field F/K, a linearized separa- 
ble polynomial A{T) G K\T] of degree p'^ which has all its roots in K and u & F. 
Assume that the polynomial A{T) — u is absolutely irreducible and set E = F{z) 
with A{z) = u. Then E/F be an elementary abelian p-extension of degree p^ and 
the Galois group of E/F is 

Gal (E/F) = {z^ z + a\ A{a) = and a e K}. 

Theorem 4.3 Set q = p". The descent of the definition field of the tower Tcfrom 
Fg2 to ¥q is possible. More precisely, there exists a tower Tic over Fg given by a 
sequence 

TZc '■ Gi^Q c ■ ■ ■ c Gifi c Gi^i c ■ ■ ■ c Gi^s c • ■ ■ c Gi^n-i c Gi^i^ c ■ • • 

of algebraic function fields with full constant field ¥q such that, for alii > 1 and 

1 < s < n 

Fi^s = Gi^s IFg2. 

Proof. For any integer i > 1, let F = Fj with 1 < s < n — 1 be an in- 
termediate step between Fj o and Fj+i q. It is sufficient to prove that the Ga- 
lois group r = Gal {Wqi/Wq) acts by inner automorphisms on the Galois group 
H = Gal (Fj+i o/F). We know that Fj+i^o/-^i,o is an elementary abelian p- 
extension of Artin-Schreier type of degree q = p^. Hence, by Proposition 14.21 
the Galois group G of the extension Fj+i q over Fj q is the set: 

Gal (Fj+i^o/-^j,o) = {zi+i Zi+i + a I a'' + a = 0, a G Fg2}, 
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which is isomorphic to the additive group {l^j-pE}!^ . The group F is constituted by 
the identity and the Frobenius automorphism r^. The automorphism acts on the 
Galois group G by the transformation of ol into —a. Hence, the subgroup H of G 
is let invariant by F. The result follows from Theorem l2.5l and Remark □ 

We can prove the preceding result in an effective way. In the following theorem, 
we use the notations Xj and Zi introduced in the definition of the tower Tgs- 

Theorem 4.4 Set q = p". The descent of the definition field of the tower Tcfrom 
¥g2 to ¥g is possible. The reduced tower over Fg is IZc = {Gi^s, i > 1, < s < 
n), where Gi^ = Fg(xi) and, for alii > 1, the explicit equations of the function 
fields Gi^s/¥q are the following: 

Gi+ifi = Gifi{zi+i), zf^i + Zi^i = 

where Pj(T) and Mj(T), for I < j < n, are the p-polynomials over ¥q defined 
by and ©. 

Proof. This follows readily from Corollary 13.91 since each extension i^j+i o/-Fi,o 
in tower %, is of Artin-Schreier type and the infinite place of Fi o/Fg2 is fully 
ramified in Fj o/Fg2, for all i > 2. Notice that the intermediate steps in the first 
stage G2fi/Gifi are given in CoroUarv B.lOl □ 

4.2 On the bilinear complexity of the multiplication 

We denote by m the ordinary multiplication in the finite field F^n of characteristic 
p. This field will be considered as a Fg-vector space. The multiplication m is a 
bilinear map from F^n x F^n into F^n, thus it corresponds to a linear map M from 
the tensor product F^n F^n over F^ into F^n . One can also represent M by a 
tensor Im G F*„ F*„ (g) F^n where F*„ denotes the dual of F^n over ¥g. Hence 
the product of two elements x and y of Fgn is the convolution of this tensor with 
xi^y E ¥gu ¥qn. The tensor rank fig{n) of tM is called the bilinear complexity 
of multiplication in F^n over F^. It corresponds to the minimum possible number 
of summands in any tensor decomposition. 

The following theorem, proved in provides an estimation of the bilinear com- 
plexity Hq{n) under the assumption that there exists well-fitted function fields. 



17 



Theorem 4.5 Let q be a prime power and n > 1 an integer. If there exists a 
function field F/¥g of genus g{F) with Ni{F) places of degree 1 and N2{F) 
places of degree 2 such that 

1 ) there exists a non-special divisor of degree g{F) — 1 , 

n — 1 1 

2) 2g{F) + l <q—{q-2 -1), 

3) N,{F) + 2N2{F) >2n + 2g{F) - 2, 
then 

fig{n) < 3n + 3g{F). 

The existence of a descent for the tower 7^ and the resuks of ||3l on the existence 
of a non-special divisor a degree g — I for all steps of the tower %. when g > 4, 
make it legitimate to apply Theorem 14. 5 1 We can now use for any characteristic p 
the method developped in [|5J for the particular case p = 2. We obtain : 

Theorem 4.6 For q > 4 and for any integer n we have 

Hg{n) < 3(1 + 

g-3 

and 

= limsup ^ < 3(1 + 

Let us remark that in the case g = p > 5 the bound given in H: 

4 

Pp{n) < 3(1 + -)n 

p — 6 



is better. The asymptotic bound given in Theorem l4.6l is better than the one given 
in |n"3| and L5J. However for g = p > 5, the best asymptotic bound is the one 
given in HI- 

Acknowledgements: the authors wish to thank J.M. Couveignes for many valu- 
able discussions. 
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